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============

The Hall effects refer to a transverse voltage in response to a current applied in a sample of metal or semiconductor. The family of the classical and quantized Hall effects is one of the mainstreams of modern condensed matter physics, leading to the full spectrum of the search on the topological states of matter and many practical applications^[@CR1],[@CR2]^. All previous Hall effects are in the linear-response regime, that is, the transverse voltage is linearly proportional to the driving current, and a measurable Hall voltage requires that time-reversal symmetry is broken by magnetic fields or magnetism^[@CR1]--[@CR4]^. The recently discovered nonlinear Hall effect^[@CR5]--[@CR13]^ does not need time-reversal symmetry breaking but inversion symmetry breaking, significantly different from the known linear Hall effects (Fig. [1](#Fig1){ref-type="fig"}). The linear Hall effects can be understood in terms of the Berry curvature^[@CR14]^, which describes bending of a parameter space (real space, momentum space, any vector fields)^[@CR15]^. This geometric description is of the same significance as the curved spacetime in the general theory of relativity. The nonlinear Hall effect depends on the higher-order properties of the Berry curvature, thus not only can bring our knowledge to the next level but also may help device applications. More importantly, by adjusting the measurements to the nonlinear regime, unconventional transport phenomena can be explored in a great number of emergent materials in which discrete and crystal symmetries are broken.Fig. 1Comparison of the linear and nonlinear Hall effects in the absence of the magnetic field. Experimental setups and time-reversal symmetry of the anomalous (**a**), planar (**b**), and nonlinear Hall effects (**c**). *σ*^*A*^ is the anomalous Hall conductivity, which is always anti-symmetric^[@CR3]^. *M* represents the magnetization. *σ*^*P*^ is the planar Hall conductivity. $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi$$\end{document}$ is due to inversion symmetry breaking along the dashed line. **d**--**f** Angular dependence can be used to distinguish the anomalous, planar, and nonlinear Hall effects

The disorder effects have been a large part of the research on the linear Hall effects, such as the localization in the quantized Hall effects^[@CR16],[@CR17]^, the extrinsic mechanisms of the anomalous^[@CR3]^, spin^[@CR18]^, and valley^[@CR19]^ Hall effect, etc. The debate on the origin of the anomalous Hall effect lasted for one century, until recently the mechanisms are summarized in terms of intrinsic (disorder-free) and extrinsic (disorder-induced) contributions^[@CR3]^. The quantitative agreement between theories and experiments shows that the disorder-induced contribution is comparably important^[@CR20],[@CR21]^. In the nonlinear Hall effect, disorder is more important, because the effect always requires that the Fermi energy crosses an energy band, while on the Fermi surface the disorder scattering is inevitable and enters the nonlinear Hall effect even in the leading order. This is quite different from the disorder-free leading order in the linear Hall effects. How disorder contributes to the nonlinear Hall signal in a specific form remains unknown and is the focus of the investigations at this stage.

In this work, we use the Boltzmann formalism to derive the formulas of the nonlinear Hall conductivity in the presence of disorder scattering. The formulas can be applied to different models to calculate the nonlinear Hall responses. We apply the formula to the 2D tilted massive Dirac model. The model is a symmetry-allowed minimal model for the nonlinear Hall effect and can be used to understand the nonlinear Hall signals in realistic band structures^[@CR12]^. Depending on roles of disorder scattering, we follow the convention to classify the nonlinear Hall conductivity into the intrinsic, side-jump, and skew-scattering contributions. The latter two are new findings to the framework of the nonlinear Hall effect and comparably important. The competition between the three contributions can induce a sign change in the nonlinear Hall signal. More importantly, we present the scaling laws of the nonlinear Hall effect, which help to identify distinct contributions and explain the temperature and thickness dependence in the experiments in the future.

Results {#Sec2}
=======

General formulas {#Sec3}
----------------

The nonlinear Hall effect is measured as zero- and double-frequency transverse electric currents driven by a low-frequency *ac* longitudinal electric field $\documentclass[12pt]{minimal}
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Tilted 2D massive Dirac model {#Sec4}
-----------------------------

Now we apply Table [1](#Tab1){ref-type="table"} to calculate the nonlinear Hall conductivity in the presence of disorder scattering, for the tilted 2D massive Dirac model (see Methods). The model gives the symmetry-allowed minimal description of the nonlinear Hall effect and can serve as a building block in realistic band structures^[@CR12]^$$\documentclass[12pt]{minimal}
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The zero-frequency nonlinear Hall response was not addressed experimentally. In the $\documentclass[12pt]{minimal}
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In contrast, if the electric field is along the *y* direction, there is no such a Hall signal because $\documentclass[12pt]{minimal}
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Scaling law of the nonlinear Hall effect {#Sec5}
----------------------------------------

It is of fundamental importance to distinguish the different contributions to the nonlinear Hall signal in experiments. For the anomalous Hall effect, distinguishing different contributions is based on the scaling law of the transverse Hall signal to the longitudinal signal^[@CR3],[@CR20],[@CR21],[@CR26]^. For the nonlinear Hall effect, a scaling law can be constructed as well. We adopt the quantity $\documentclass[12pt]{minimal}
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To account for multiple sources of scattering^[@CR21],[@CR26]^, we consider the scaling law of nonlinear Hall effect in a general manner. For simplicity, we assume no correlation between different scattering sources, thus each source contributes to the total resistivity independently, as dictated by Matthiessen\'s rule $\documentclass[12pt]{minimal}
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Here the disorder-independent coefficients are for the intrinsic ($\documentclass[12pt]{minimal}
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Methods {#Sec6}
=======

Boltzmann formalism in the nonlinear regime {#Sec7}
-------------------------------------------

In the Boltzmann formalism, the distribution function *f*~*l*~ can be found from the standard Boltzmann equation^[@CR27]^, which reads$$\documentclass[12pt]{minimal}
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The intrinsic part is contributed by symmetric scatterings, in which incoming and outgoing states are reversible in a scattering event. The side-jump part is resulting from the coordinates shift during scattering processes. The skew-scattering part is contributed by anti-symmetric scatterings, in which exchanging the incoming and outgoing states yields a minus sign. Specifically, $\documentclass[12pt]{minimal}
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Tilted 2D massive Dirac model with disorder {#Sec8}
-------------------------------------------

We use the tilted 2D massive Dirac model in Eq. ([2](#Equ2){ref-type=""}) to calculate the nonlinear Hall conductivity in Fig. [2](#Fig2){ref-type="fig"}. The model describes two energy bands (denoted as ±) with the band dispersions $\documentclass[12pt]{minimal}
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To consider the disorder effect, we expanded the scattering rate up to the fourth order in the disorder strength as $\documentclass[12pt]{minimal}
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